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ABSTRACT 
Generating functions in the form of infinite products are given for the number of 
equivalence classes of nondegenerate sesquilinear forms of rank n over GF( q “) and for 
the number of equivalence (or congruence) classes of nondegenerate bilinear forms of 
rank n over GF( q). 
INTRODUCTION 
Let K be a commutative field, and let u be an automorphism of K whose 
square is the identity. Let W be a vector space of dimension n over K. A 
sesquilinear form on W (with respect to o) is a mapping f: WX W-K that is 
linear in the first variable and satisfies 
f(u,cv)=u(c>f(u, 0) 
for c in K. When u is the identity, a sesquilinear form is just a bilinear form. A 
choice of basis in W shows that there is a one-to-one correspondence between 
sesquilinear forms on W and nX n matrices over K. Given two sesquilinear 
forms fi, f, on W, we say that fi is equivalent (or congruent) to f2 if there is 
an automorphism I’ of W that satisfies 
In this case, if the matrices off,, f,, and T with respect to some basis are A,, 
A,, and B, we have A, =BA2B*, where B* is the conjugate transpose of B 
with respect to u. We say that a sesquilinear form is nondegenerate if it is 
represented by an invertible matrix. 
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The group of automorphisms of W permutes the sesquilinear forms, the 
form f being taken by the automorphism ?’ to the form f ?' defined by 
fT(u,2))=f(Tu,Tu). Th e orbits under this action are the equivalence classes 
of sesquilinear forms. The purpose of this paper is to give a generating 
function for the number of equivalence classes of nondegenerate sesquilinear 
forms when K=GF(q’) and the fixed field of u is GF(y), and the number of 
equivalence classes of nondegenerate bilinear forms when K =GF( 9). The 
formulae are given in Theorems 1.4 and 2.9. Our enumeration for bilinear 
forms does not depend on the classification of such forms, as described, for 
example, by G. E. Wall in [5]. The enumeration of the number of equivalence 
classes of sesquilinear forms depends on a result of Wall on the conjugacy 
classes of the finite unitary group U( n, 9’). 
We hope to show later how our enumeration of the mnnber of equivalence 
classes of nondegenerate forms can be used to enumerate the total number of 
equivalence classes of forms. However, this work does seem to require results 
on the classification of degenerate forms, as described, for example, in the 
paper of Ballantine and Yip [ 11. 
1. NONDEGENERATE SESQUILINEAR FORMS OVER GF( y”) 
Let G denote the group GL( n, 9’) of invertible matrices of size n over 
GF(9’). We define a permutation action II of G on itself by 
II(R)A=RAR*. 
It is clear that the orbits of G under this action correspond to the equivalence 
classes of nondegenerate sesquilinear forms over GF(q”). In the subsequent 
lemmas, C(B) denotes the centralizer of B in G. 
LEMMA 1.1. Let B be an element of G. ‘The number of fixed points of 
Il( B) is IC( B)I if B ~’ is conjugate to B*, and 0 if B ~ ’ is not conjugate to B*. 
Proof. Suppose that II(B) fixes A. We have then 
and consequently, B* is conjugate to BP’. Now if II(H) fixes A,, A,, we 
obtain 
A,‘BA, =A, ‘BA,. 
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Thus A,A,’ = D, where D is in C(B), and so A, = DA,. Conversely, if H(B) 
fixes A i, and A, =DA, for some D in C(B), then H(B) fixes A,. We see that 
H(B) must fix 1 C(B)] elements. H 
We now state a result of G. E. Wall [5, p. 341 on the conjugacy classes in 
the finite unitary group U= U( n, q’). 
LEMMA 1.2. Let B be an element in G=GL( n, 4’). B is conjugate to an 
element of U if and only if B P1 is conjugate to B*. Two elements of U are 
conjugate in U if and only if they are conjugate in G. 
Using this result together with a counting technique often attributed to 
Burnside, we obtain an alternative characterization of the number of equiva- 
lence classes of nondegenerate sesquilinear forms. 
LEMMA 1.3. The number of equivalence classes of nondegenerate sesqui- 
linear forms of rank n over GF( q2) equal the number of conjugacy classes in 
the unitary group U= U( n, 4’). 
Proof. Let B(B) denote the number of fixed points of n(B). Then the 
number of orbits of G acting on itself under II is equal to (l/]G])86( B), the 
sum extending over all B in G, by the counting lemma [4, p. 131. Lemmas 1.1 
and 1.2 show that this sum is (l/]G])Z]C(B)], the sum now extending over 
elements B that are conjugate to elements of U. Thus the sum equals the 
number of classes of G that contain an element of U. However, Lemma 1.2 
shows that the classes of U remain distinct in G, and it follows that the sum 
equals the number of classes in U. n 
Our enumeration is completed by using Wall’s generating function for the 
number of conjugacy classes in U [5, p. 341. 
THEOREM 1.4. The number of equivalence classes of nondegenerate 
sesquilinear forms of rank n over GF(q’) equals the coefficient oft” in the 
infinite product ~~~,(l+ti)(l-qti)~‘. 
2. NONDEGENERATE BILINEAR FORMS OVER GF( q) 
Let now G denote the group GL( n, q) of invertible matrices over GF(q). 
We define a permutation action Il of G on itself by 
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where R’ denotes the transpose of B. The equivalence classes of bilinear forms 
correspond to the orbits of G on itself under LI. Using the fact that any matrix 
is conjugate to its transpose, the next two lemmas are easily proved in the 
manner of Lemmas 1.1 and 1.3. 
LEMMA i?,. 1. The number of elements fixed hy I I( B ) is 1 C( H )I if H is 
conjugate to A I, and 0 if R is not conjugate to H ‘. 
LEMMA 2.2. The number of equivalence classes of nondegenerate hilin- 
ear forms of rank n equals the number of classes in C: that contain the 
inverses of their numbers (self-inverse clusses). 
Our enumeration will be complete when we have foulid the number of 
self-inverse classes in G. We have not discovered a reference for this in the 
literature, but we can obtain a generating function by following the methods 
of G. E. Wall’s paper. 
Let R be an element of C. By the Jordan decomposition, we can write 
R = SV= VS, where S is a semisimple element in G, and V is unipotent (all its 
eigenvalues are 1). The element S can be diagonalized in some suitable 
extension field of GF(q), and its conjugacy class in G is detennined by its 
eigenvalues. Let ( X - 1)“l , . . . , ( X - 1)“~ be the elementary divisors (including 
repetitions) of V, with 1 Gn, G . . <nk. The members n,, . . . , 11~ fonn a 
partition of n, and the conjugacy class of V in G is determined by this 
partition. 
Now it is well known from the theory of the Jordan canonical form that 
any unipotent element is conjugate to its inverse. The next two lemmas are 
used to reduce the problem of computing self-inverse classes in G to the 
problem of computing self-inverse semisimple classes in C( V ). 
LEMMA 2.3. Let B = SV= VS hr the Jordan decomposition of H. Then B is 
conjugute to V ‘S. 
Proof. Since S is semisimple, its centralizer in G is isomorphic to a direct 
product of general linear groups over various finite extensions of GF( q), say 
C(S) S-H, X . . X H,,,, each H, being a finite general linear group. Now V is a 
mlipotent element in C(S), and its component y in H, is a unipotent element 
in a general linear group. By our earlier discussion, V; is conjugate to V$ -r in 
H,. Thus V is conjugate to V ~~ ’ in C(S), and the result follows. n 
LEMMA 2.4. Let B= VS= SV he the Jordan decomposition of B. B is 
conjugate to B ~ ’ if and only if S is conjugate to S I in C(V). 
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Proof. By Lemma 2.3, B is conjugate to B PI if and only if V -‘S is 
conjugate to V - ‘S -’ The uniqueness of the Jordan decomposition implies . 
the result. n 
We proceed to determine the number of self-inverse semisimple classes in 
G. To do this, we consider the characteristic polynomials of elements. If f( X ) 
is a polynomial of degree T, we define p(X) by p(X) = Xrf( X ~’ ). 
LEMMA 2.5. Let S be a semisimple element of G, and let f be its 
characteristic polynomial. Then S is conjugate to S ~’ if and only if p = If. 
Proof. As S is semisimple, its class in G is determined by its eigenvalues. 
Thus S is conjugate to S -’ if and only if each eigenvalue of S occurs with the 
same multiplicity as its inverse. Now it is easily checked that if f is a manic 
polynomial with nonzero constant term b, the manic polynomial whose roots 
are the reciprocals of those of f is b ~ ‘f”. We thus need f* = bf. Since f” * = f, 
we obtain f = b2f and so b2 = 1. We obtain f” = *f, as required. n 
The proof of the next lemma is a straightforward counting argument 
whose proof is therefore omitted. 
LEMMA 2.6. Let d(n) denote the number of manic polynomials f of 
degree n over GF( q) with nonzero constant term that satisfy f” = 2 f. If q is 
even, d(2n)=d(2n+l)=q”. Zf q is odd, d(2n)=q” +q”-‘, d(2n-t 1)=2q”. 
We also take d(0) = 1. 
It follows from the two lemmas above, together with the fact that there is 
a one-to-one correspondence between semisimple classes in G and manic 
polynomials of degree n with nonzero constant term, that d( n ) measures the 
number of self-inverse semisimple classes in G. 
LEMMA 2.7. Let V be a unipotent element in G with al elementary 
divisors of the form X-l,..., and a,, of the form (X-l)“, where al 
+ . . . +na, =n. Then C(V) contains d(a,)... d(a n ) self-inverse semisimple 
classes. 
Proof. Let A denote the centralizer algebra of V in the algebra of all 
nXn matrices over GF(q), and let N denote the radical of A. By Wedder- 
bum’s principal theorem [3, p. 3741, A is a vector-space direct sum of N and a 
semisimple subalgebra S. If T is any semisimple subalgebra of A, it follows 
from a theorem of Malcev [3, p. 3751 that there is some z in N with 
(1--z)T(l--z))’ contained in S. 
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Now as C(V) is the group of units of A, we can use these results to 
deduce useful facts about the structure of C(V). There is a normal subgroup 
M, known as a unipotent radical, that consists of all elements of the form 
1-e J in N. M is complemented in C(V) by a Levi subgroup L that is the “> a 
mlit group of S. Any semisimple element of C(V) is conjugate to an element 
of L, and two semisimple elements of L that are conjugate in C(V) are 
conjugate in L. The elementary divisor structure of V means that L is 
isomorphic to GL(a,,q)X . ..XGL(a.,,q), where we take GL(a,,q) to be 
trivial if a, is 0. The lemma is now apparent from the discussion following 
Lemma 2.6. n 
We are in a position to enumerate the number of self-inverse classes in G. 
Consider a partition of n with a I parts equal to 1,. . . , a ), parts equal to n. Let 
V be a unipotent element whose conjugacy class corresponds to this partition. 
Lemmas 2.4 and 2.7 show that there are d( a 1 ) . . .d( u ,, ) self-inverse classes in 
G with unipotent factor conjugate to V. Thus G contains Cd( a,) . . .d( u,,) 
self-inverse classes, the sum ranging over all partitions of n. If we now put 
g(t)= g d(i)t’, 
1-n 
we see that the required sum is the coefficient of t” in the infinite product 
flyT”=lg(t’). The next lemma is easily proved. 
LEMMA 2.8. We have g(t)=(l+t)‘(l-qt’) ’ for odd 9, and g(t)= 
(1+t)(1-9t”)P’foreven 9. 
We now have our generating function. 
THEOREM 2.9. Let k(n)=k(n, 9) denote the number of equivalence 
classes of twndegenerute bilinear forms of rank n over GF(9). If 9 is even, 
k(n) equals the coefficient oft n in the infinite product 
j,( 1+t’)(1-qt2’)p. 
Zf 9 is odd, it is the coefficient oft n in the infinite product 
j, (l+t’)2(1-9t2i) -l. 
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NOTE. As we have explained, our formulae in Theorem 2.9 are generat- 
ing functions for the number of self-inverse (or real) classes in GL( n, 9). 
Using G. E. Wall’s theorem (our Lemma 1.2), it can be shown that the 
number of self-inverse classes in GL( n, 9) equals the number of self-inverse 
classes in U( n, 9’). It follows from general results in character theory that the 
groups GL( n, 9) and U( n, 9’) have the same number of real-valued complex 
irreducible characters. We also mention that the generating function for the 
total number of classes in GL(n,q) is l17zi(l-t’)(l-9t’)~1, a result ob- 
tained by Feit and Fine in [2]. 
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